
 

The Double Angle Formulae

In general we have found when working with

Functions that fix Xz is not necessarily
equal to f IX It fly It is true for some
Functions leg fix ka but not others
leg f x x2 Is it true for trig functions
Let's try some numbers and see

Eeg fact Cos x
X 00

Kz 900
We have cos 00 900 Cos 900 0
but cost It cos goo I to I 70 hence

cos 0 900 1 cos Oo t cos1904
We just need one counterexample to disprove
something so now we know that in general
we cannot expect coscx xz to be equal to
coscx.lt Cos K2
We can do the same thing for sine

Eg f x sink



K 45
Kz 45

We have sin 450 450 sin 90 I
but sinusolt sin 450 fat fz Zz R2
Hence

sin 450 t sin1450 R t I sin 4501 450

ok 52 sinus the
Cts

Finally for Ean

Ef fix tank
X 450

Xz 450
We have tan 450 450 tan 900 which is
Undefined But tan1459T tan 457 Itt 2
So the next question is can we find a

convenient formula for flat b where f is
a trig function
Let's start out with the coordinate axes

and unit circle approach to trig



ny

cos b sinb
Kosa Sin a

x

ny

Kosa Sin a
I n's

a y
b a

cos b sinb
a Kosa Sin a

ny

cos b sinb

by x

So we have obtained an angle of b a

at the centre of the circle



Now we connect the two points on the
circle in order to create a triangle

ny

cos b sinb
Kosa Sin a

x

Using the Distance formula we have

d sinus Sin al t cos b costa
2

Sin b t sinya 25in a Sin b t

costb t cos4a 2 cos a costb

sinks t coff BD t Singa t costal
2 sincalsin b t Costa cos b
2 2 sin a sin b t cos a coscb

Now lets look at the triangle from a

Euclidean geometry perspective



d

l a 1

We know that the two sides have length
1 since they are radii of the unit circle
Look at the previous diagram
We now apply the Cosine Rule

d I't l 2111111 cost b al

2 2 cos b a

Finally we equate our two expressions for d

2 2 sinlaisincblt cos a coscb 2 2 cos b a

Rearrange
cos b a sinlatsinlb t cos a cost b

Now what about coscbta We don't have to

do all that work again we can simply sub

f a where we previously had Ha

Coslbtal cos b f a I
Sint a sin b t cost a cos lb



sincalsinlblt costal cos b
Recall that sin is an odd function while
OS is an even function
So

Coslbtal costalcoscb Sin a Sin b

Now what about sinlbia
Again we can use our previous results
We have

cos b cos Cbt la a

cos b a ta

cos b a cos a Sin b a sincal

Rearrange to get sinus a by itself
sinus a sin a co lb a costal costb

Sihlb a cos b a Costa cosCbl

sin a

Expand costb a using above results
SinCb al coscalcoscb tsin a sinCbl costal costb

sinlal
cos4alcoscb t sin b costal cost b
sin a Simca



costb
Tina costal I

t sin b Costa

cos b

Tina Fll Costa t sincbl costal

costs
Tina sin4al t sin b costa

cos b sin a t sin b costal
Hence we have the result

SinCb a sin b cos a cos b sinla

For Sin bta we can use the same trick
as for cos above
we have
sin total sin b f al

Sin b Costa cos b Sint al

sin b cos a t costb Simla

Again recalling that cos is even and sin is odd
So

sinlbtal sin b cos a t cos b sin a

Now for tan we don't have to do much

extra work simply recall that tango Sind
Cosgy



So tan b al sincb a

cos b al

sincbl Costa cos b sincal

Cos b Costa t sin b sin a
Now we divide top and bottom by costalcostsexactly the same as multiplying by 1
so
tan b a sinlblcostat Costblsinia

Costacostb Costa coslb

Odb costal sincblsinful
cos a Calls Costakoslb

sin b Sinlal
Cos b Costal

tis IE i
tanlb al tanlbl

tanCa1lttanla1tanlb1

Again we use the aces a technique to find an

expression for tan bta
we have

tan bta tan lb tall
tan b tant al
lt tant a tancbl



i tanlb ta tan b t fanlal
I tancaltancbl

Now when a b we have some special results
called the Double Angle Formulae

cost291 costalcostal sinlalsinlal

cosyal sin'lal makemake
everythingeverything cos2gal ft costal into

into cos
sin 265cal I

I sin4al Sinha
I 2 sin4al

Sin Za Sincalcoscalt Costa sinlal
2 sin a Costal

tan Zal tanlal t tanlal
I tanlattanlal

2tanlal
1 tan4al

As you can see the Double Angle formula for ios
has many different forms in any given situation you
can select the one which is most useful to you


